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We construct a quasi-metric space that does not admit any complete quasi-uniformity. 
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1. Introduction 
A quasi-uniformity on a set X is a filter U on X x X such that (a) each member of 
U is a reflexive relation on X, and (b) if U E U then V o V C U for some V E U. 
The pair (X, U) is called a quasi-uniform space. A filter .F on (X, U) is a Cauchy filter 
provided that for each U E U there exists p E X so that U(p) E .F, and (X,U) is 
said to be complete provided that every Cauchy filter has a cluster point. The topology 
'T(U) = {G & X: f or each z E G there is U E U with U(Z) & G} is called the 
topology induced by U. A topological space (X, ‘T) admits U provided that ‘T is the 
topology induced by U. 
Let (X, 7) be a topological space and let I3 be the collection of reflexive transitive 
relations V on X for which V(x) E 7 for all 2 E X. Then B is a filterbase for a 
compatible quasi-uniformity U on X. It is known that this quasi-uniformity is complete 
if and only if every ultrafilter on X without a cluster point has a closure-preserving 
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subcollection without a cluster point [3, p. 591. Hence for instance any regular space that 
is almost realcompact admits a complete quasi-uniformity. We recall that a topological 
space X is said to be almost realcompact provided that each maximal open filter on 
X with the property that any of its countable subcollections 8’ satisfies nGEP, ?? # 0, 
possesses a cluster point. 
Observe that a topological space admits a complete quasi-uniformity if and only if its 
finest compatible quasi-uniformity is complete. In [I,21 some examples of normal topo- 
logical spaces are provided that do not admit any complete quasi-uniformity. However, 
none of these spaces is quasi-metrizable. Therefore it has been asked whether each quasi- 
(pseudo-)metrizable space admits a complete quasi-uniformity (see [5, Problem 91). In 
this paper we shall answer this question negatively. Since our space does not satisfy the 
Hausdorff axiom, the question whether each regular quasi-metric space admits a complete 
quasi-uniformity remains open (compare [.5, Problem 91). 
We recall that for a given set X, a function d from X x X into the nonnegative real 
numbers is called a quasi-metric on X provided that it satisfies for all Z, y, t E X 
(i) d(z, y) = 0 if and only if II: = y, and 
(ii) d(z, 2) < d(z, Y) + d(y, 2). 
The quasi-uniformity Ud on X generated by the base {B$: n E w}, where Bz = 
{(z:, y) E X x X: d(z, y) < 2+} w h enever n E w, is called the quasi-metric quasi- 
uniformity induced by d on X. A topological space X is said to be quasi-metrizable 
provided that its topology is of the form 7(Ud) for some quasi-metric d on X. 
As usual, for a set A, we let [A]” = {B 2 A: IBI = w}. Here IB( denotes the 
cardinality of B. 
2. The example 
The construction of the quasi-metric space discussed below is based on the following 
set-theoretic lemma. 
Lemma 1. There exist an almost disjoint family & C [WI]” and a function I/I : Q + w 
so that for any function x : w1 -+ w there is A E & such that $(A) = x(u) for infinitely 
many a E A. 
Proof. Let wi be partitioned into countably many stationary sets S, (n E w) (see, e.g., 
[4, p. 591). For each limit ordinal Q: E WI, let Q, be a maximal almost disjoint family 
of strictly increasing w-sequences in wi having supremum o. Set & = UaEw,,alimit Qa. 
If A E &, and (Y E S,, then let +(A) = n. 
Now suppose that an arbitrary function X : WI -+ w be given. Find first an uncountable 
E C wi and n E w such that for each e E E, x(e) = n. Since the set of accumulation 
points E’ of E is closed (with respect to the order topology) and unbounded in WI, we 
can find (Y E S, n E’. Then there is a strictly increasing w-sequence e 2 E the supremum 
of which is (Y. By definition of Q,, there is A E &, containing infinitely many elements 
f E e. Clearly for any such f we have $(A) = n = x(f). 0 
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Definition 1. Let (Y, d) be a quasi-metric space such that the quasi-metric d is bounded 
by 1. Then we say that f : Y +]O, l] is “good” if 
f(y) < f(~‘) + d(y, y’) for all Y, y’ E Y. (*> 
Let F be the set of all good functions in y]O, 11. Extend d to a quasi-metric d on 
Y = Y u F as follows: 
If f E F, p E y and f # p, then d(f,p) = 1. If y E Y and f E F, then J(y, f) = f(y). 
Finally set J((f, f) = 0 if f E F. Clearly (Y, 2) is a quasi-metric space. We say that Y 
is the “good extension” of Y. 
Definition 2. Let & and @ : Q + w as given by Lemma 1. 
Define a quasi-metric d on X := wi U & as follows: 
Foranya:EXsetd(z,z)=O.IfaEwl,yEXandy#cu,thensetd(a,y)=l. 
Let q = {qn: n E w} E Q. If y = qn for some n E w, then set d(q, y) = 2-n. If 
y E X \ ({qR: n E w} U {q}), then set d(q, y) = 1. Clearly (X, d) is a quasi-metric 
space. 
Lemma 2. if X carries the quasi-metric d of DeBnition 2 and z is the good extension 
of X, then _% does not admit any complete quasi-unifarmity. 
Lemma 2 implies the following proposition. 
Proposition 1. There is a quasi-metric space that does not admit a complete quasi- 
uniformity. 
Proof of Lemma 2. Suppose that V is an entourage belonging to the fine quasi- 
uniformity V on 2. Find UV E V such that lJ$ 2 V. For each (Y E WI, choose 
Xv(o) E w such that @_.,(,,(a) c UV(‘Y). By L emma 1 there exists A E & such that 
$(A) = xv(o) f or infinitely many a E A. Denote this A by qv in the following. 
Let 3 be the filter on X generated by the subbase 
{V(qv): V belongs to the fine quasi-uniformity of 2) 
u {ji’ \ &“(4+0 (9): 4 E e} u (X \ B;i(P): P E Wl} 
u {X \ BP(f): f E X \ x}. 
Provided that 7 is well defined, it is clear that 7 is a Cauchy filter on X with respect 
to the fine quasi-uniformity and has no cluster point. 
In order to check that 3 is well defined, we consider subbasic members of .T, namely 
for some p E (w \ {0}), elements 
vo(Qvo), . ‘. 7v,-lkJV,-,)7 
the complements in X of 
B$~d(q,,)+lj(qO), . . . , ~$w~~~-,~+c (qp-l) and @(PO), . . . , &%%-I), 
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and the complements in X of singletons {fa}, . . . , {fp-l} where fi E _? \ X (i E p), 
and show that their common intersection is nonempty. For i E p set Vi := Uv,. 
Each Ui(qv,) contains all of the sequence qv, except a finite set. So, for each i E p, 
choose inductively r-i E w such that 
(Qv,)Yi @%G)\(U( : s SE{QV,,Q~: jEp}ands#qv,}U{Pj: j~p}), 
ki := xv, ((qv,)r,) = @(qvi) and (qv,)r, (i E P) are pairwise distinct. Denote (qv,)r, by 
zi. Note that for each i E p, 
vi(qV,) > uz(Qvi) 2 vi(G) 2 B;i-*v,(=i)(Zi). 
We construct a function f E X \ X by choosing for each i E p, 
f(Zi) E [2-(“i+‘), 22”’ [ \ { fi(Zi)} 7 
and setting 
f(s) = 2-(ti(s)+‘) for each s E {qv,,qj: j E p}. 
Define f(P) = 1 for all other ordinals p E wt and f(q) = min{2-(‘3+‘): j E p} for all 
other sets q E Q. 
It suffices to show that f is good, since then it lies in each of the above mentioned 
elements of FT. So we must check that f(z) < f(y) + d(z, y) for all 2, y E X. This is 
true whenever II: = y or d(z, y) = 1 or f(y) = 1. Therefore we can assume that all these 
equalities are not satisfied. Hence z E &, y E wi, y E z and for some i E p, y = zi. If 
zE &\{Qv,,qj: j EP), then the inequality is a consequence of the definition of f(z). 
Otherwise by the construction of .zi we have z = qK. But then 
f(x) = f(Qvi) = 2- (ti(qv,)+i) = 2-P”+‘) < f(&) = f(y). 
We have verified that f is good. 
A topological space X is called (weakly) quasi-normal provided that any (directed) 
open cover C of X is quasi-normal, i.e., there are a compatible quasi-uniformity V on 
X and V E V such that {V(x): IL: E X} re fi nes C. Obviously the fine quasi-uniformity 
of any weakly quasi-normal space is complete. By [3, Corollary 7.221 every open cover 
of a countably metacompact quasi-metric space is quasi-normal. Hence each countably 
metacompact quasi-metric space admits a complete quasi-uniformity. It follows that the 
quasi-metric space constructed above is not countably metacompact. 
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